We explore ground-state entanglement properties of helium atom confined at the center of an impenetrable spherical cavity of varying radius by using explicitly correlated Hylleraas-type basis set. Results for the dependencies of the von Neumann and linear entanglement entropic measures on the cavity radius are discussed in details. Some highly accurate numerical results for the von Neumann and linear entropy are reported for the first time. It is found that the transition to the strong confinement regime is manifested by the entropies as an appearance of the inflection points on their variations.
I. INTRODUCTION
Study on the entanglement between identical interacting quantum particles is one of the rapidly topic of the present day research. The knowledge or the understandings that comes out from such investigations directly enriches the underlying principles of the quantum information science [1] and related disciplines. On the other hand, due to the philosophical mapping between entanglement and correlations between the quantum particles, it has becoming an essential part of the structure calculations of various microscopic systems. As a consequence, last few years produced bulk of studies in this direction. Generally, the von Neumann (vN) entropy [2] and the linear entropy [3] are used to quantify the amount of entanglement in composite quantum systems. In the most recent years, many attempts have been made towards understanding entanglement properties of real two-electron systems, i.e., the helium atoms and helium-like ions [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Related studies of entanglement in the context of two-electron model systems such as systems of electrons confined by a spherical harmonic potential without and with an on-centre Coulomb impurity and the helium atom immersed in weakly coupled Debye plasmas are also available in the literature, [17] , [18] and [19] respectively. In a recent study [20] , performed by both of us, the ground state entanglement properties of Helium atom confined in a two parameter finite spherical cavity were also investigated. For an overview of recent progress in entanglement studies of quantum composite systems, see [21] .
The effective interaction between two electrons are modified while an atom is placed under different external environments e.g. plasma, quantum dot (QD), fullerene cage etc. As a consequence, structural and spectral atomic properties are being changed depending on the type of the confining model potential representing the environment. Various phenomenological potentials exist in the literature [22] [23] [24] [25] which can mimic the corresponding environment. Historically the idea of confined atomic systems was first introduced by Michels et al. [26] , soon after the advent of quantum mechanics. Subsequently, different groups around the globe encountered this problem from different perspectives. Moreover sophisticated laboratory experiments on such systems in the last decade accelerated theoretical interest in recent times. A bulk of these studies, both theoretical and experimental, are well reviewed in some of the recent articles [27, 28] .
In thermodynamic equilibrium, atoms under pressure confinement can efficiently be modeled by an impenetrable spherical cavity under adiabatic condition [29] . Different properties of matter under high pressure in Zovian planets [30] or in case of geological sieves [31] can be explained by using such concepts of impenetrable confinement. Further modification of the inter-particle interaction in this model can successfully be used for atoms under dense plasma [32] , endohedral atoms [24] etc.
In the present work, the model on which we focus is a helium atom confined by impenetrable spherical cavity of radius R. Although a lot work has been done in recent years in order to investigate quantum properties of such system [29, [33] [34] [35] [36] [37] [38] [39] , its entanglement properties have not been studied in the literature so far. We undertake this issue and estimate both the vN and linear entropy as a function of R. We have used the Hylleraas-type basis to incorporate the electron correlation in an explicit manner. Radius of the cavity R is varied from a high value mimicking the free system to a low one corresponding to strong confinement regime. The details of the present methodology is given in section 2 followed by discussion on the results obtained in section 3 and finally concluded in section 4.
II. METHOD
The Hamiltonian [atomic unit is used throughout] of a helium atom confined in an impenetrable spherical cavity of radius R is given by
where V R (r) = 0 for 0 ≤ r ≤ R and ∞ for r > R. In this Letter we restrict our investigation to the singlet groundstate of (1). Being the S-symmetry state, its spatial wavefunction is expressed in terms of r 1 , r 2 and the interelectronic angle coordinate θ, ψ(r 1 , r 2 ) ≡ ψ(r 1 , r 2 , cos θ), and vanishes for r 1 , r 2 ≥ R. The Schmidt decomposition of such a wavefunction takes a form [40, 41] 
with
where Y lm are the spherical harmonics. Since the boundary condition imposed on the wavefunction: ψ = 0, whenever r i = R, i = 1, 2, the radial orbitals v nl (r) meet the Dirichlet boundary condition: v nl (R) = 0 and together with the coefficients k nl can be determined by the following integral equations [18, 40] 
where the upper limit of integration is R in contrast to ∞ for the free atom, and P l is the lth order Legendre polynomial. We will measure the entanglement in the ground-state of the system under consideration by the vN and linear entropy, which in the case of the singlet states have the forms [18, 42] 
and
respectively, where ρ is the spatial reduced density matrix
the eigevectors of which are nothing but the Schmidt orbitals (3) with eigenvalues λ nl related to the coefficients k nl via the formula λ nl = ( [18, 41] . As the 2l + 1-fold degeneracy occurs, i.e., the eigenvectors {u nlm (r)} m=l m=−l correspond to the same eigenvalue λ nl , the conservation of probability gives n,l=0 (2l + 1)λ nl = 1. As a result, in terms of λ nl , the vN and linear entropy take the forms S vN = − n,l=0 (2l + 1)λ nl log 2 λ nl and L = 1 − n,l=0 (2l + 1)λ 2 nl , respectively.
III. RESULTS AND DISCUSSIONS
It is well known that the Ritz variational method in the framework of Hyllerass-type basis and its variants are the best techniques for precise numerical estimation of non-relativistic energy eigenvalues and wavefunctions of two-electron systems. In our research for finding the ground-state energies and wavefunctions of (1), we apply an ansatz of Hyllerass-type in the form [43] :
with 0 ≤ n + m + p ≤ ω, where s, t and u are the Hylleraas coordinates:
, α is a non-linear variational parameter, and the cut-off factors R − 
where
′ |nmp ] are the Hamiltonian matrix and the overlap matrix, respectively, and the non-linear parameter α is optimized in order to minimize E
Here we determine the coefficients k nl by solving the Eq. (4) through a discretization technique. Namely, we turn it into an algebraic problem by discretizing the variables r and r ′ with equal subintervals of length ∆r such that the resulting diagonalization of the matrix [∆rf l (i∆r, j∆r)] nm×nm , ∆r = R/(n m − 1), i, j = 0, 1, ..., n m − 1 provides the n m th order approximations to the n m lowest coefficients k nl . With the coefficients k nl determined in that way, approximations to the vN and linear entropy, i.e., S vN = − nm−1,lm n,l=0
2 ), can be obtained with a desired accuracy by increasing the expansion length ω in (8) and the cut-offs n m , l m until the results become stable to that accuracy. It is worth mentioning at this point that the approximations to the true values of k nl can alternatively be obtained by diagonalizing the matrix [ u i (r 1 )|f l (r 1 , r 2 )|u j (r 2 ) ] nm×nm , where u i (r) = 2/R sin(iπr/R), i, j = 1, ..., n m . For more details on this point, see [4, 7] , wherein the free helium atom was treated in that way with a set of orthonormal Laguerre basis functions.
For demonstration of convergence of the method, we present in table I the values obtained for the ground-state energy and the corresponding linear entropy at different R as a function of ω, where we also give the optimal values of α. We found that the results for the energy presented in this table are in excellent agreement with the already available data in the literature [36] , which confirms the correctness of our calculations. It is evident from the table that the present variational scheme with α optimized so as to minimize E (ω) 0 is very efficient. Our numerical results accurate to the number of digits presented obtained for the ground-state at some representative values of R are summarized in table II, where we also give the results obtained in [12] for the free helium atom. Fig. 1 displays the dependencies of the ground-state vN and linear entropy on R, where a smaller cavity radius at which we have computed their values is R = 0.125. We concluded from our calculations that a rate of convergence of the method with respect to l m only slightly depends on R.
It turned out that, at least over the range of R from 0.125 to ∞, the numerical stability of the results determined with 6-digit precision for the ground-state vN and linear entropy is achieved at about l m = 18 and at l m = 1, respectively. For a detailed convergence analysis with respect to l m in case of the ground-state of free helium atom as R → ∞ we refer the readers to [12] .
We also gained some insight into the relation between the vN and linear entropy as a function of R. Our analysis has revealed that the rescaled linear entropy such that 5.48L behaves qualitatively in a similar way as the vN entropy, where the factor 5.48 is obtained as the best proportionality constant between our numerical data for the vN and linear entropy. This is demonstrated in Fig. 1 , where the variation of 5.48L is also shown. Strictly speaking, the relative error of the approximation S vN ≈ 5.48L is about 38 percent at R = 0.125 and quickly decreases as R is further increased until it becomes less than 2.7 percent for R larger than 3.
It is apparent from our results that already as the cavity radius R exceeds a value of about R = 5, the groundstate of the corresponding confined system behaves almost as the ground-state of the free helium atom. As can be seen, the entanglement is the largest in the free atom regime and decreases monotonically as R decreases until it vanishes in the limit of an infinitely strong confinement, i.e., when R → 0. In this limit the electrons behave like noninteracting electrons and the corresponding state can be regarded as non-entangled. Interestingly enough, Fig. 1 indicates that the transition to the strong confinement regime is manifested by the behaviors of the vN and linear entropy as a change of the signs of their second derivatives. To gain a deeper understanding of this point, we constructed interpolation functions of our numerical data for the vN and linear entropy and computed the roots of their second derivatives,
= 0, which resulted in the inflection points at R ≈ 0.81 and at R ≈ 0.95, respectively. It is worthwhile to note that these values are rather far away from a value of atomic ionization radius R c ≈ 1.385 that is usually defined in the literature as that corresponding to the transition to the strong confinement regime [34, 39] (for R below R c the atom has a higher energy than He + ). However, the closeness of the inflection points to a value of the critical cavity radius at which the system gets completely ionized, i.e., when E 0 = 0, R c ≈ 1.101, is worth noting. Finally, there may be a general interest in noting that in the system under consideration the entanglement entropies behave qualitatively in the same way as the Shannon information entropy in position space. Namely, as it was found in [44] , it also monotonically increases as the radius of confinement increases and saturates at a constant value as the cavity radius R exceeds a value of about R = 5. IV. CONCLUSIONS
In conclusion, we have investigated the ground-state entanglement properties of helium atom spherically enclosed by impenetrable boxes of varying radius R. Both the vN and linear entropy have been computed in the range of R covering entirely their most rapid variations. In general, the presence of the cavity decreases the entanglement for every R, having its most pronounced effect in the range of values of R smaller than R ≈ 5. The entanglement entropies deviate more and more from those of the free helium atom as the confinement becomes stronger and stronger. Our calculations have shown that the transition to the strong confinement regime is manifested by inflections points appearing in the behaviors of the vN and linear entropy. We found that these points are close to a critical cavity radius at which the system gets completely ionized.
